This paper investigates the control problem of variable reluctance motors (VRMs). VRMs are highly nonlinear motors; a model that takes magnetic saturation into account is adopted in this work. Two robust control schemes are developed for the speed control of a variable reluctance motor. The first control scheme guarantees the uniform ultimate boundedness of the closed loop system. The second control scheme guarantees the exponential stability of the closed loop system. Simulation results of the proposed controllers are presented to illustrate the theoretical developments. The simulations indicate that the proposed controllers work well, and they are robust to changes in the parameters of the motor and to changes in the load.
Introduction
The variable reluctance motor is a synchronous motor which is comprised of iron laminations on the stator and rotor and copper phase windings on the stator. Torque is produced by the attraction of the closet rotor poles to the excited poles. In motoring operations, phase excitation is synchronized to rotor position such that the rotor poles are pulled toward the excited stator poles in the direction of rotation. In generating operations, phase excitation is synchronized to rotor position such that the rotor poles are pulled backward toward the excited stator poles in the direction opposite to the rotation.
Variable reluctance motors are almost maintenance free since they do not have mechanical brushes. Also, VRMs are not expensive because they do not have rotor windings or magnets. Moreover, VRMs can produce high torques at low speeds. These characteristics combined with the advancement in power electronics, and the availability of highspeed processors make variable reluctance motors attractive for many general-purpose industrial applications.
However, the variable reluctance motor is characterized by its inherent nonlinearities. 25, 26, 27, 28, 29, 30] and the reference therein for an excellent overview of the different control schemes which have been developed for VRMs. Specifically, control techniques such as feedback linearization [13, 22] , variable structure control [6] , adaptive control [16, 19] , optimal control [10] , neural control [10] , fuzzy control [3, 9, 11] , backstepping control [1] have been used for position and speed control of the variable reluctance motor. This paper uses robust nonlinear control techniques to control the speed of the VRM. The need of robust controllers for VRMs is motivated by the inherent nonlinearities of the motor and by the fact that some of the parameters of the motor are not to be known accurately. The rest of the paper is organized as follows. Section 2 contains a brief overview on variable reluctance motors as well as the dynamic model of the motor. Sections 3 and 4 deal with the design of two controllers for the VRM. The simulation results of the proposed control schemes are presented and discussed in Section 5. Finally the conclusion is given in Section 6.
In the sequel, we denote by W T the transpose of a matrix or a vector W. We use W > 0 (W < 0) to denote a positive (negative) definite matrix W. Sometimes, the arguments of a function will be omitted in the analysis when no confusion may arise.
Dynamic model of the variable reluctance motor
For any control system design, the development of a reliable mathematical model is essential for proper evaluation of the system's performance and for testing the effectiveness of the developed control schemes. For VRMs, both spatial and magnetic nonlinearities are inherent characteristics of the motor; a model which takes these nonlinearities into account needs to be considered for design purposes. The model suggested in [27] which takes magnetic saturation into account is adopted in this work. A 20 kW, 3-phase VRM, which is documented in [27] , is used for simulation purposes. The motor has six stator poles and four rotor poles, see 
where v j ( j = 1,2,...,m) is the voltage applied to the terminals of the jth phase, R j is the phase resistance, i j ( j = 1,2,...,m) is the current associated with phase j, and λ j ( j = 1,2,...,m) is the flux linkage of the jth phase. The flux linkage λ j is a nonlinear function of both the phase current i j and the rotor position θ, see Figure 2 .2. The nonlinearities of λ j are due to the magnetic saturation and to the periodicity of alignment between the stator and the rotor poles. The flux linkage is defined as [27] 
The coefficients a 1 j , a 2 j , and a 3 j ( j = 1,2,...,m) are periodic functions of the rotor position, and they can be expressed as truncated Fourier cosine series such that
where δ is the number of electrical cycles in each mechanical revolution. The parameter A kr represents the rth Fourier coefficient of the kth fitting coefficient. The Fourier coefficients of the VRM are determined by using the Marquardt gradient expansion algorithm [2] .
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The torque for phase j, T e j ( j = 1,2,...,m), produced by a VRM with independent phases during both saturated and unsaturated magnetic operations, can be determined by using coenergy analysis [15] as
The sum T e = m j=1 T e j of the individual-phase torques gives the total torque. Therefore, the complete dynamic model of the variable reluctance motor can be written as
where (i) θ is the rotor position; (ii) ω is the rotor speed; (iii) i j is the current associated with phase j; (iv) λ j is the flux linkage of the jth phase; (v) v j is the control voltage of the jth phase; (vi) T e is the total electromagnetic torque; (vii) T L is the load torque; (viii) J is the rotor inertia; (ix) D is the damping factor; (x) R j is the jth phase resistance. The output of the system can be taken as the rotor position θ or the rotor speed ω, whereas v j acts as the control input of the jth phase. This paper deals with speed control, thus the output of the VRM system is y = ω.
Remark 2.1. An electronic commutator determines which phase to be excited at any given instant of time. The inputs to the electronic commutator are the turn-on angle θ on , the turn-off angle θ off , and the rotor position θ; the output of the commutator is the phase to be excited.
For speed control design purposes, the dynamic model of the VRM can be written as
where
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The model of the VRM system can be written in a compact form as
where for a 3-phase VRM, u = v j ( j = 1, or 2, or 3) depending on the output of the commutator (i.e., the phase to be excited). The terms f and g are as follows:
The model of the VRM is known as it has been experimentally verified [26, 28] . Therefore the terms f n and g in the above equations are known. The term T u in f comprises the rate of change of the torque of the incoming phases and the load torque; this term is considered as an uncertain quantity. Thus, the nonlinear term f is not known exactly but can be written as f = f n + ∆ f , where f n is the known nominal part of f and ∆ f is the uncertain part of f . It is assumed that ∆ f is bounded by a known positive function ρ such that
of the VRM system because the paper deals with speed control. Obviously, for a given ω(t), one can easily 
(2.10)
Using (2.7) and (2.10), the model of the VRM system can be written aṡ
11)
The system (2.12) and (2.13) will be used for the design of the control schemes.
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Design of the first robust control scheme for the VRM
In this section, we propose to use a Corless-/Leitmann-type controller [7] to control the variable reluctance motor. Define the matrix A and the vector B such that
where the positive scalars k 1 and k 2 are chosen such that the polynomial s 2 + k 2 s + k 1 is Hurwitz.
Let P 1 and Q 1 be symmetric positive definite matrices such that
and let be a small positive scalar. In addition, define µ 1 such that
Definition 3.1 [12] . The error e is said to be uniformly ultimately bounded if there exist constants b and c, and for every r ∈ (0,c) there is a constant T = T(r) ≥ 0 such that
The following proposition gives the main result of this section.
Proposition 3.2. The control law
when applied to the VRM system (2.12) and (2.13) guarantees the uniform ultimate boundedness of the closed loop system.
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Proof. Using (2.12), (3.1), and (3.4), the closed loop system can be written aṡ
Consider the following Lyapunov function candidate V 1 :
Note that V 1 > 0 for e = 0 and V 1 = 0 for e = 0. Equation (3.7) implies that λ 1 e 2 ≤ V 1 ≤ λ 2 e 2 , where λ 1 is the minimum eigenvalue of P 1 and λ 2 is the maximum eigenvalue of P 1 .
Taking the derivative of V 1 with respect to time and using (3.6) and (3.2), it follows thatV
(3.9)
For the case when µ 1 > , we have u c1 = (−µ 1 / µ 1 )ρ. Hence, the above equation leads toV 10) where λ 3 is the minimum eigenvalue of Q 1 .
For the case when µ 1 ≤ , we have u c1 = (−µ 1 / )ρ. Hence, (3.8) leads tȯ 202 Robust controllers for variable reluctance motors Therefore, it can be concluded that for all t and all x, we havė
Let κ = λ 3 /λ 2 , it follows thatV
Therefore, it can be concluded that V 1 decreases monotonically along any trajectory of the closed loop system until it reaches the compact set
Hence the trajectories of the closed loop system of the VRM are uniformly ultimately bounded with respect to the bound .
Design of the second robust control scheme for the VRM
The controller proposed in the previous section can only guarantee the uniform ultimate boundedness of the closed loop system. In this section, a second nonlinear state feedback controller is proposed. This controller is similar to the Corless-/Leitmann-type controller in that it works well for a class of nonlinear uncertain systems that have matched uncertainties which are bounded by some known continuous-time functions. However, this control scheme, which is motivated by the work in [20] , has the advantage of guaranteeing the exponential stability of the closed loop system. Let P 2 and Q 2 be symmetric positive definite matrices which are solutions to the algebraic Riccati equation
and let
with ε and β being positive scalars.
Definition 4.1 [12] . The error e is said to be exponentially stable if
The following proposition gives the result of this section. Proof. The closed loop system can be written aṡ
Using (4.4) and (4.5), it follows thaṫ
Consider the following Lyapunov function candidate V 2 :
Note that V 2 > 0 for e = 0 and V 2 = 0 for e = 0. Equation (4.7) implies that λ 1 e 2 ≤ V 2 ≤ λ 2 e 2 , where λ 1 is the minimum eigenvalue of P 2 and λ 2 is the maximum eigenvalue of P 2 .
Taking the derivative of V 2 with respect to time and using (4.6), (3.14), and (4.2), it follows thatV 2 =ė Thus, it can be concluded that the error e(t) is globally exponentially stable. Moreover, the convergence rate of the errors is such that
(4.12)
Simulation results of the proposed controllers
The VRM system is simulated using the Matlab software. The VRM model discussed in Section 2 is adopted; the model takes magnetic saturation into account. The parameters of the motor are given in Table 5 .1. The excitation angles (θ on and θ off ) are kept fixed throughout the simulation studies at 45
• and 79
• , respectively, (where 0 • and 90
• correspond to aligned and unaligned positions). Only one phase is allowed to be excited at one time.
Simulations are performed when the proposed controllers are applied to the VRM system. The results are presented in the following subsections.
Performance of the VRM system when the first controller is used.
The control scheme given by (3.4) and (3.5) is applied to the VRM system. The desired speed is 100 rad/s for 0 ≤ t < 0.1 seconds, and it is 200 rad/s for 0. torque is taken to be 25 Nm. Figure 5 .1 shows the speed response of the motor. It can be seen from the figure that the motor speed converges to the desired speeds. It should be mentioned that the ripples in the speed response are due to the sequential switching between the phases and they are not caused by the controller.
5.2.
Performance of the VRM system when the second controller is used. The control law described by (4.3) and (4.4) is applied to the VRM system. Figure 5 .7 shows the speed response of the motor when it is commanded to accelerate from rest to a reference speed of 100 rad/s then to 200 rad/s, with a load torque of 25 Nm. It can be seen that the motor speed converges to the desired speeds. The ripples in the speed response are due to the motor operational characteristics and limits of the electronic commutator; the ripples are not due to the proposed controller.
Remark 5.1. The VRM used for simulation studies is a 3-phase 6/4 motor. The low number of poles will have a negative impact on the produced torque of the motor. As a result, the speed will be affected and hence the response of the speed will have more ripples.
Robustness of the proposed control schemes.
Simulation studies are undertaken to test the robustness of the proposed controllers to variations in the parameters. Changes in the phase resistance R, the rotor inertia J, the damping factor D, and the a 1 j , a 2 j , and a 3 j ( j = 1,2,...,m) coefficients (which are used to model the phase flux-linkage) are investigated. The simulations are carried out by step changing one parameter at a time while keeping the other parameters unchanged. The step change occurs at time t = 0. It is desirable for high-performance applications that the proposed control schemes be robust to variations in the load torque. Simulation studies are carried out to demonstrate the robustness of the proposed controllers to changes in the load torque. The motor is commanded to accelerate from rest to 200 rad/s. 
Comparison of the proposed control schemes with a PI controller and a feedback linearization controller.
The performance of the closed loop system is compared to the performance of the system when (1) a proportional plus integral (PI) controller is used, and (2) a feedback linearization controller is used. The choice of the PI controller is motivated by the fact that the PI controller is usually used in industrial VRMs. The choice of the feedback linearization controller is due to the simplicity of the design of this type of controllers. The equation of the PI controller is as follows:
The gains K p and K I are tuned using the trial and error method. The control scheme given by (5.1) is applied to the VRM system. The desired speed is 100 rad/s for 0 ≤ t < 0.1 seconds, and it is 200 rad/s for 0.1 ≤ t ≤ 0.2 seconds; the load torque is taken to be 25 Nm. Figure 5 .13 shows the speed response of the motor. It can be seen from the figure that the motor speed converges to the desired speeds.
Recall that the model of the VRM system can be written aṡ A feedback linearization controller for the above system can be written as
where k 1 and k 2 are properly designed gains. The value of f is taken to be the nominal value. The control scheme given by (5.3) is applied to the VRM system. Figure 5 .14 shows the speed response of the motor. It can be seen from the figure that the motor speed converges to the desired speeds. be seen that the four controllers force the speed of the motor to converge to the desired speeds. However, it can be seen from the figures that the proposed controllers gave better results than the PI controller or the feedback linearization controller. This is an expected result as the PI controller is a simple controller to design and to implement. The design of the feedback linearization controller did not take the uncertainties of the VRM system into account and hence it did not perform as well as the two proposed controllers. In addition, the second controller gave slightly better results than the first controller (as can be seen from Figure 5 .14) since the first controller guarantees the uniform ultimate boundedness of the system and the second controller guarantees the exponential stability of the system. 
Conclusion
In this paper, two control schemes are designed for the speed control of variable reluctance motors. The first proposed controller guarantees the uniform ultimate boundedness of the closed loop system; the second controller guarantees the exponential stability of the closed loop system. A highly nonlinear model is adopted for the design of the controllers, this model takes magnetic saturation into account. The proposed controllers are based on varying the terminal voltage of the motor using a DC-DC chopper. The inputs to the controllers are the phase currents, the rotor position, and the speed of the motor. The performances of the controllers are illustrated through simulations. The results indicate that the proposed control schemes are able to bring the motor speed to the desired speed. Moreover, the simulation results show the robustness of the proposed controllers to changes in the parameters of a motor and to changes in the load. Future work will address the implementation of the proposed control schemes using a DSP-based digital controller board.
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